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Correlation Functions of the
Critical Ashkin-Teller Model on a Torus

H. Saleur'
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The correlation functions of the critical Ashkin-Teller model on a torus are
calculated using a free bosonic field formulation in the continuum limit. The
results include in particular correlators of electromagnetic or twist operators.
Various applications are discussed.
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1. INTRODUCTION

Much work has been devoted recently to the study of the partition
functions of 2D critical systems on a torus.t) For instance, the constraint
of modular invariance has allowed a systematic classification*™ of all
minimal® conformal theories with central charge ¢ <1, determining their
full operator content. Also, free field constructions involving various types
of topological defects have been proposed,’ ' establishing links with the
standard Coulomb gas mappings of statistical mechanics!" as well as with
recent developments in string theory.?)

The correlation functions on the torus are also of interest, in particular
because they provide a systematic route to the study of deviations from
criticality.!® Their construction appears, however, technically difficult, and
only the Ising model has been considered.!*) My purpose in this work is to
extend the analysis of Ref. 14 to the whole critical line of the Ashkin-Teller
(AT) model"® including, in particular, the Kosterlitz-Thouless, the Z,,"¢
and the four-state Potts model points. The corresponding problem on the
plane has been considered in Ref. 17. It turns out that some of the present
results are also useful from the point of view of string theory on
orbifolds."®
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The paper is organized as follows. Section 2 recalls the free field
mapping''?) of the AT model, which will be the central instrument of the
present approach. I discuss the way physical operators translate™ into
“clectromagnetic” or “twist” fields and rederive the partition function®'®)
on the torus. Section 3 calculates the n-point correlation functions for elec-
tromagnetic operators, and illustrates the resuts with various examples,
such as the underlying Luttinger model fermions®® or the energy. Sec-
tion 4 considers the 2a twist-functions with application to order parameter
correlators.!”) Section 5 discusses the compatibility of the results with
those derived by other approaches using covering Riemann surfaces.?"
Section 6 contains a few final comments.

2. FREE FIELD FORMULATION
OF THE ASHKIN-TELLER MODEL

1. The AT model*® consists of two Ising models coupled by a four
spin interaction, with action

o =—% K,(S;Si+1;1,)+K,S;Sp 1,1, (2.1
k>

where (jk)> denotes nearest neighbors of the square lattice %, and S,
t= +1. As shown by various authors,"") model (2.1) at criticality can be
reformulated as a solid-on-solid (SOS) surface model, and then mapped
onto a free field. First it is convenient to rewrite (2.1) (using the invariance
of the partition function Z*T under ¢ — St') as

A== K,S,S.(1+11t)+ Kt (2.2)
k>

and ZAT reads

ZAT= % [I [exp (Kytjt;)] ch(K,+ K, tt;)
{80} k>

x [14 5,8, th(K, + K,1)1;)] (2.3)

The {¢'} configuration can be represented by putting bonds on the dual
lattice @, which separate two sites with opposite ¢, as in an Ising low-tem-
perature expansion. The product of square brackets can then be expanded
as in an Ising high-temperature expansion with a bond on % each time the
S;S, term is taken. Summation over {S, t'} gives

—2K )\
ZAT = 2 [exp(24 K,)1(ch 2K,)> ¥ (th 2K, (%) (2.4)

graphs
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where 4" is the total number of sites. The graphs are formed by polygons
on & and 2 with an even number of bonds attached to any point, the total
numbers of bonds on each lattice being respectively / and 4. If a given bond
is present on &, the product of the two corresponding spins is — 1 and the
th in (2.3) is zero; thus, the polygons on % and 2 do not intersect (Fig. 1).
The model presents a critical line given by the self-duality condition
exp(—2K,)=sh 2K,, which terminates at coth 2K, =2.

The graphs of (2.4) can alternatively be represented by six-vertex
(Fig. 2) configurations on the surrounding lattice %, here another square
lattice the vertices of which are the midpoints of the edges of #. A bond on
¥ or 9 is associated to a vertex of typel,..,4, such that arrows are
reflected by it, with a net nonzero polarization. Edges with no bond are
associated to vertices of type 5, 6. Once a possible vertex is chosen, the
whole correspondence follows by induction. A given configuration of bonds
is thus associated with a configuration of the six-vertex model (defined up
to a reversal of all arrows) and vice versa. Along the critical line this six-
vertex model becomes in fact an F-model with Boltzmann weights

W,=...=W,=1, Ws=Ws=coth2K, (2.5)

Now the F-model can be transformed into an SOS moel by introducing
height variables ¢ on the faces of &, such that two neighbouring ¢ differ
by +x/2, the highest being on the left of each arrow. It is finally argued
that this SOS model renormalizes"") onto a Gaussian model with the free
field action

(2.6)

Fig. 1. A graph in the expansion (2.4) involving a polygon on ¥ (whose sites are indicated

by dotted points) and a polygon on 2. The corresponding six-vertex configuration is
indicated.
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Fig. 2. Arrow configurations in the six-vertex model. Vertices of type 1,..., 4 are associated to
bonds on & or 2, vertices of type 5, 6 to edges with no bonds. Additional vertices of type 7, 8
correspond to introducing magnetic operators in the surface language.

Many operators in (2.1) translate then in the Gaussian language into
combinations of spin wave (“electric”) operators O, ie., exponentials of
the field ¢, and vortex (“magnetic”) operators O,,, which create a
branch point with amplitude discontinuity of 2zM for the field ¢ (in the
following we call E and M, respectively, electric and magnetic charges).
Their dimensions and spin are*?)

XEM:E2/2g+gM2/2
Seu=EM

2.7)

Of particular interest is the operator O, ., which describes the introduc-
tion of a vertex of type 7, 8 (Fig. 2). From the solution of the eight-vertex
model, one knows the singularity of the free energy in the neighborhood of
| W7l = 05

fo~ \Wo1, y=(4/m)cos ™ (Ws/2)=2—x (2.8)

from which one deduces via (2.5) and (2.7)

8 th 2K
g=—sin"! <b) (2.9)
i 2

In a similar way the energy is known?) to be ¢ & 0, (X7=2/g) and
the polarization operator (P = St) P« O,,. The special points of the AT
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line can then be identified®): g=1 corresponds to the Kosterlitz—Thouless
point, g=2 to the decoupling (Ising) point, g=3 to the Z, model of
Ref. 16, and g =4 the four-state Potts model.

The identification of the spin operator is of a different nature. It has
been conjectured®® for a long time that the magnetic exponent X, remains
constant along the critical line with the Ising value X, =1/8. Several
authors have noticed®?*) that this feature is characteristic of the twist
operator g, which create a branch point singularity with change of sign of
the field ¢. The correspondence S < ¢ can in fact be established using the
above model transformation, as shown in a slightly different way in Ref. 10.
The two-spin correlation function (S;S;> is represented in the graph
expansion (2.4) by adding a line on . connecting j to k. Now, the six-
vertex representation cannot be consistently achieved. Indeed, suppose we
follow a curve encircling j or k; then, defining recurrently the arrow con-
figurations, one comes back to reversed orientations, since an odd number
of lines on % is crossed (Fig.3). The new graphs thus correspond to
antiperiodicity of the six-vertex model along a cut relating j to k. The
heights being multiple of 7/2, and a crossed line corresponding to a step of
7, it is always possible to choose the origins such that this cut corresponds
in turn to a change of sign of ¢, establishing the desired result. This is also
valid for {z;1,>.

Higher order correlation functions are slightly more complicated, as
we illustrate now for {(S,S,S,S,,). There is first a change of sign¢ — —o

. . . e .

Fig. 3. For a graph in the expansion of {§;S,), the six-vertex representation cannot be
defined in a coherent way. Following a closed path encircling j or k& and defining recurrently
the arrow configurations, one comes back to reversed orientations (double arrows on the
figure). This is equivalent to antiperiodic conditions for the vertex model along a cut (wavy

line) relating j to k, and also to antipericdicity for the heights ¢.
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encircling any of the points, as was the case for {(§;S, ), resulting now in
two cuts on the plane. In addition, the heights cannot be consistently
defined on closed paths € encircling two points, although the vertex con-
figurations can. Depending on the number of polygons between the points,
the € and spin line configurations, the height varies in fact by an amount
of 2mn, me Z, since the number of crossed bonds along ¥ is always even
(m=1 in Fig. 4). For the four-point function there are two independent
contours, one possibility of which is represented Fig. 4b (for the 2n-point
function, there would be 2xn — 2 such contours) and the correlation function
is obtained by summing over “frustrations” m,, m,; see Section 4. We can
also obtain mixed correlators such as {S§;7,S,t,), which becomes in the
variables of the graph expansion (S;S,S,S,1,t,,>. The t,t,, is negative if
there is an even number of £ polygons between k and m, which translates
into m; =2n+ 1 in terms of height variations, and the correlation function
is obtained by summing over m,, m, with an additional factor (— ). This
construction appears rather similar to the one used for correlators in string
theory on orbifolds and explains the similarity between the results of
Refs. 7 and 18.

An alternative field-theoretic description of the AT model is provided
by the Luttinger (massless Thirring) model, ie., the interacting complex
fermion theory with action

o =[O +§ 007+ Tyy o) dx (2.10)

The relations between the two formulations have been studied in detail.?”
Recall simply that /'=(2—g)/(2+ g) and the equivalences <> O, ;,;
Y+ - 0—1,71/2@ =0 _yp; ‘Z+ « 01,—1/2)-

At the value g =3, the AT model reduces to the Z, model of Ref. 16.
The corresponding quarter-integer-spin parafermions y, y* are identified®
as x> 03105 17 0 3 1p(T 0 _3p1: 17 O3 1)

2. So far we have discussed the AT model on an infinite plane. In a
finite geometry, the boundary conditions generate various constraints on
the successive transformations described above, resulting in a modified free
field theory as discussed in detail in Ref. 10. The first point is that an asym-
metry between % and & appears on a torus. Indeed, since a 2 line
corresponds to a ¢ spin flip, any closed path has to cross an even number of
2 bonds, while the number of . crossed bonds can be arbitrary. If these
numbers are both even, the reformulation as an F-model is still possible.
Now, since height variables ¢ are associated locally to a vertex con-
figuration, they cannot be defined in a consistent way; describing a noncon-
tractible loop around the torus leads‘”® to a variation of height d¢ which,
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Fig. 4. A new feature appears in the construction of higher spin correlators, as illustrated
here in the case of {§;5,5,S,,>. In addition to the cuts with change of sign of ¢, the height
cannot be consistently defined on curves encircling two points, although the six-vertex
configurations can: there is indeed a variation of ¢ multiple of 2n: §¢ = + 2x for the contour
% on part (a). The four-point spin function is obtained by summing over indices m,, m,eZ
characterizing these frustrations for a set of two independent contours, an example of which is

given in part (b).
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due to the condition of an even number of crossed bonds, is a multiple of
27 We describe the torus by two periods @, @’. Then, for a variation d¢ =
2nm, 6’ =2nm’ along the two generators, the corresponding continuum
limit is the frustrated partition function introduced in Ref. 7,

zmm:j [Dole (2.11)
)

@ = 2nm
8¢ =2nm'

This is easily evaluated writing ¢ — ¢ + ¢, where ¢ is now periodic
and the “classical” part (such that 4¢4=0) is given by

0o =2nTm <m _m z> (2.12)

13

Then Z,,, factorizes as Z,,,, = Z, exp( —=,), where Z, is the “quantum”
contribution, i.e., the partition function of the periodic free field”

1/2
g 1
Zo={— (2.13)
° <r> In(q)I?
and the classical action reads
g s o |m" — mr|?
dy=—1 |V d’x=ng —— .
a=g | IVoul? dx=ng = (2.14)
Thus,
1/2 ' 2
g 1 ( |m' — m1| )
Z e =1 = exp|{ —ng— (2.15)
(n) @) P o

In these expressions we have used the modular ratio 1=w'/w =14 + i1y,
and 7 is the Dedekind function

n(q)=q1/24 l_[ (1 _qn)’ q:€2im—
n=1
Summing over these “soliton” sectors indexed by m, m’ gives the Coulom-
bic partition function,”*’

1 -
Zd®)= Y Zww=t5 ¥ 47" (2.16)

2
mm'eZ |n| emeZ

(the last equality is obtained by a Poisson transformation on m'). The
g — 0 behavior Z ~ (gG) ~“** gives the central charge ¢ =1, and the confor-
mal weights® (x=h+ A, s=h—h) are derived from (2.7),

hem=%<\%+m\/§> Hem:%<\——7§+m\/§>2 (2.17)

2
’
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Formula (2.16) appears also in the context of string theory as the partition
function of a free field compactified on a circle. In the usual conventions,‘'?
where the action is

=517—J52(p 0z

and ¢ is defined modulo 2nR, the correspondence is given by R = (2g)"2
To construct the partition function of the AT model, one must add the
contribution of graphs where an odd number of 2 bonds is crossed. By the
same arguments leading to the identification of the spin as a twist operator,
this condition translates with a correct choice of the height origins into
antiperiodic boundary conditions for the field ¢. Defining for («f) # (00)

Zop=| [Dple (2.18)

@z + 1) = e2™p(z)
oz + 1) = et gp(z)

which have been calculated in Ref. 24,

Z(1/2,0) = [n/0,4(0)]
Z .12 = In/0:(0)| (2.19)
Z(1/2,1/2) = [n/60,(0)]

(here @, denotes the Jacobi theta function of argument **’) one gets
finally®1®

1 4

The sum over the twisted sectors is also modular invariant. The
relative normalization between the two contributions is not directly
obtained by this approach, since there is a zero mode subtraction in the
Coulombic sector only. It can be fixed by requiring the identity (spin)
operators to be non (twice) degenerate. At the Ising decoupling point g =2
one checks that

Z¥(g=2)=(Z")* (2.21)

where

Z'= (2.22)

1 & [6,(0)
DAy
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Formula (2.22) is the partition function of the Ising model, i.e., a free real
fermion theory with action

o= (W oy+P0.0)dx (2.23)

summed over four sectors of periodic (antiperiodic) boundary conditions
for (i, §). The result (2.20) appears also in string theory as the partition
function of a Z,-orbifold model.®

3. Finally we recall the existence for the model (2.6) of a duality
transformation with the effect*®

g—1/g
Opm = Ope (2.24)

g—0

This leaves the twisted partition functions invariant, as well as the Coulom-
bic one due to”

Zc(8)=2Zc(1/g) (2.25)

3. SPIN WAVE AND VORTEX OPERATORS
CORRELATION FUNCTIONS

1. We first consider {Ogp(z;,Z,) O_g pm(z,,2,)) in the doubly
periodic sector. To take into account the discontinuity of 2nM on a cut
relating 1 to 2 (Fig. 5a), we introduce the classical field

0,(z— 2
ou=Mimiog| 2E=2) | 2 Rez, (3.1)
0,(z—z,) Ty

It is doubly periodic, singular in z,, z,, and satisfies dp =0 otherwise.
Then, writing ¢ — @ + ¢4, the calculation of the functional integral gives,
as in (2.12),

Opn(1) O g _m(2)),,

o oxp {EL0a(1) = 0a(D)] + ECo1) 021~ £ | Woul? x|

(3.2)
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Fig. 5. (a) Magnetic operators create a cut with a discontinuity of 2zM for the field ¢. (b)
Shifting one of the points by |, 7, | +1 is equivalent to wrapping a frustration line around the
torus, and changes the soliton sector correspondingly.

where the propagator {¢¢),, has already been evaluated in Ref. 24,

0:(z12) exp <_7[ Im? 212)}
13

61(0)
= —ilog r(,?2) (3.3)
2g

Co(1) @2 ——ll ﬂ
o(1) 9(2)7,,= grog

To obtain the remaining integral, we introduce the other fieid

0,(z—2z,)

0,(z— 2z,

%=M@%

—2—RRezRe 212} (3.4)
Ty

We use Cauchy-Riemann relations to replace ¢ by ¢, and perform then
an integration by parts, which, due to

A¢cl=2nM[52(Z_Zl)_52(Z_ZZ)] (3.5)
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(6 being understood as doubly periodic), gives finally

COpul1) O 4i(2)D,
01(0) | e et

01(z2)

T . . 0(z )
—(EI —igM R 2_2iEM1 bk 3.6
X EXp {gﬁ( mz;,—ig €2y,) 1 0g|: 9.(0) (3.6)

It will be useful to introduce
1/ E . 1 E
Seu=z (Tt MVE).  bumg(—TmrME)  G)
2 \/g, 2 \/;7
with which (3.6) reads

0,(0) 7*hem
COgpm(1) O—E,—M(2)>pp= [ﬁ} [CC]MEM

n c -
xexp| =% (ot Spuial | 68

1

It is not the product of an analytic by an antianalytic function. If
M #0, it is not periodic, since shifting z,, by 1, 1, or 1 + 7 is equivalent to
adding a new frustration line wrapping around the torus (Fig. 5b).

The corresponding expression in a soliton sector (m, m’) is then easily
obtained by adding (2.12) to the classical field (3.1), giving

COpm(1) O_ g, _4i(2) ) oy
= <0EM(1) O—E,—M(2)>pp

m —mt m —mt
212>+27rgM Re( 212>:I
13 Ty

hem o T i}
:| [cc]™™ exp I:_TE“(&EM212+5EM512)2
1

X exXp [2inE Im <

_ [ 61(0)
B I:el(zlz)

m' —mt m —mt _
+2n \/é_’< . OrmZin+ . 55M212>:| (3.9)

1 I

and one can check that
Z <O s 0 _ g _ 1) w212+ 1)

=Z - XPL2IME(mM — M)] O pas O _ g _ s D — aa(212) (3.10a)
Zm OO _g _ 11D mm{Z12+7)

=Z, i s XPL2MEM — M)1 00O ¢ a1V ms um(212)  (3.10b)
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The total correlation function in the Coulombic sector is

Opu(1) O _ g u(2))c= Y Zow{O0pn(1) O i 40(2)3

ZC( g) mm'eZ
(3.11)
Due to (3.10), it is periodic for E, M integers only.

2. We now consider a twisted sector, for instance, (o, )= (1/2, 0). The
classical field analogous to (3.1) then reads

0.((z—2,)/2, 7/2) 8,((z — 2,)/2, 7/2)
0:((z—z2,)/2,7/2) 0,((z— 2,)/2, 7/2)

Pa=MIm log[ ] (3.12)

satisfying ¢z +1)= = pa(z). @alz+1)=pa(z), and the propagator® is

1 I(z12/2, 1/2)
Co1) 02> 0= 5 ok [r((zlm)/z, 1/2)} (3.13)

Use of (3.2) gives in this case

62(212/27 1/2) 9,1(09 1/2)]2’151‘4 [CC]zEEM

) 0wl d2ar= | e L T

(3.14)

The results in the other sectors are obtained in a similar way and read

COpn(1) O g _m(2) D 0102)

04(z12, 27) 07(0, 21) 2hem 2%
= <REM 315
[el(zu, 27) 0,00, 21)] Lec] (19

and

Opm(1) O g s(2) 112,312)

_ I: 02(212/2) 04(z1,/2) 61(0) 03(0)]211”4 [oc ] 2hem
20,(212/2) 05(2,2/2) 6,(0) 04(0)

(3.16)

One can give a more symmetric form to these results. Using the standard
identities®
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0,(z) = 20,(2/2) 85(2/2) 05(2/2) 04(2/2)

6,(0) 6,5(0) 0,4(0)
_04(2/2) 0,(2/2)
01z 1) =—40 0
0.(z, 21):93—(;%?2 (3.17)

(23)- (oo oot

: R
o ( §> - [02(0) 93(0)] 0.(z) 04(2)

and characterizing a twisted sector by the index v=2,..., 4 through (2.19),
one finds

Oem(1) O _ g 1(2) ) () # (00) > »

C[000) & 2T i
_[91(212)v,=2 93,(0)] [oc] (3.18)

viFEY

One can check that formulas (3.14)-(3.16) satisfy appropriate modular
transformation properties

COpm O g m)w01(Z12, 7)
=2, M IO pp O g ) 120)(212/T — /1) (3.19a)
COpmO _ g1 apim\Z12, TV =<0gy0 _ gy 0212, T+ 1) (3.19b)
3. The total correlation function is finally
Opu(1) O 4(2))

_ %ZC<0EM07E,AM>C +Z(aﬁ)#(00) Z(o(ﬁ)<0EM07E,—M>((1ﬂ)
- ZAT

(3.20)

It is in general not periodic. Note that in (3.20), once the z52## [cc] ~em
are factorized, all the remaining terms are integer powers of z,,, z,,. This is
due to the fact that in the short-distance expansion only derivatives of the
field ¢ appear that have integer dimensions.

We now discuss a few applications. As explained in Section 2, the case
E=1 (resp. E= —1), M =1 corresponds to the fermions y (%) in the
Luttinger model (2.10). They become analytic (resp. antianalytic) at g =2,
where the four fermion coupling I” vanishes, and the AT model decouples
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into two independent Ising (Z,) models. In this case &, =1/2, by, =0;
thus,

Z
5 W)Y ERDe

- 1 1(0) e <~L72
*(ZTx)l/z i’ﬂzel(zlz) *P 2T1012)

r_ 2
x Y exp[Zn mTzlz~2nM]—} (3.21)

mm'eZ Ty Ty

which is easily proven to be

100y &
T O Gy &, 000 (2D)

V4
SE e v @)e=

using the definition of theta functions and the identity (4.19) of Ref. 14. In
the sector («f) = (4, 0) one finds

0:(212/2, 7/2) 61(0,7/2)

WewEDewn =g oppne O
Using (3.17) and Ref. 25,
_03(2/2, 7/2) = 03(2/2, 7/2)
0,(z)= 20,(0)
(3.24)
b.(2) = 0%(z/2, 1/2) + 0%(2/2, ©/2)
- 26,(0)
this reads
9’1(0) 0x(z12) | O3(zy2)
L it IECES

Modular transformation then gives similar results in the other sectors.
Combining (3.22) and (3.25), one gets

010) 37_,[10,(0)1/6,(0)] 6,(z)
61(z12) Z?:z [0,(0)}

A comparison with (2.22) allows one to identify the fermion correlation
function for the Ising model in a fermionic sector v,

05(0) 6,(zy2)
0,(z1,) 6,0)°

)b (2)) =

(3.26)

Uz )t (z)> =

y=2.,4 (3.27)

in agreement with the result of direct calculations.“¥
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In a similar way the point g=3 corresponds to the Z, model of
Ref. 16, for which quarter-integer-spin parafermions y (i, in Ref. 16) are
described by O, ,,, With hy,,=3/4, ks, ,=0. We thus get

lzi) 27 (z2) >

_ L[ Prp L 3y 3n
T ZY 0,y 2P\ TP\ T e

" = r_ 2
x Y exp<37tm m1212_3n—|m mr|>

mm'eZ T 1
|7l [03(212/2)94(212/2)}3 }
! 165(0)] 6,(0) 6,(0) + perm, (3.28)

Whether (3.28) can be decomposed as a sum over “parafermionic sectors”
similar to (3.26), (3.27) is unclear.

4. Most of the correlation functions must be periodic, however,
which is not the case for (3.20), even for E, M integers, because of the
twisted sector contribution. To represent the energy operator (discussed in
Section 2), one must thus consider cos 2¢ instead of e**. The distinction
between these two possibilities has no meaning on the plane, but becomes
relevant on the torus. We write, for instance,

2{cos E@(1) cos E¢(2)>(1/2,0)
01(0, 1/2)| =7 (| 85(z 15, 7/2) 01(212,7/2) /}
6,00, 2) {el(zlz,r/z) REE) | S

This expression corresponds to giving a meaning to all the terms in the
contraction using Wick’s theorem, even those for which the electric
neutrality is broken, which is possible since there is no zero mode in a
twisted sector, as we discuss later. Using (3.9) and (3.18), one has

2{cos Ep(1) cos Ep(2)>

0/1(0) Ez/g{ 1 <g>l/2 o (TEE2 Im2212>
6(z12) 2 n12\1y g Ty

_ o
x 3y exp[Zz’nE(mRezlz_mr%ﬂlmzn)_ng(mrf—m]
1

I

EYg

+ |7l i
105(0)] |65(0) 6,(0)]257¢

x [ 0, (%) 0, <%) e

2E%g
J + perm}

(3.30)

oy
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and E=2 gives the energy correlation function. In the same way E=1
corresponds to the polarization operator, and also, at the Z, point, to the
operator ¢, in the notation of Ref. 16.

5. There is no zero mode in a twisted sector, and it is thus possible to
give a (renormalized) meaning to <)z 00, Which diverges
logarithmically. Introducing a mass term m?¢? in (2.6), following a zeta
regularization and then letting m go to zero, we find'®

(™) 0,12y = eXP(—EX 9D (0.12)) = [4710,(0)°177%  (331a)

and similar results obtained by modular transformations
<eiE¢>(1/2,0) = [%71[94(0)|2]E2/2g (3.31b)
(€™ (a1 = [31105(0)| 215 (331¢)

The modular dependence in (3.31) is expected to be universal, unlike the
numerical factors, which depend on the regularization. From (3.31) we
deduce, for instance, the finite-size effects for the mean value of the energy
operator

<s>=(f)2/g'i' S J0,(0)) (3:32)
2) ZAT & O
and at the decoupling point g =2
3
e =2n# (3.33)
202 10.,(0)]

a result which agrees with asymptotic analysis of the exact (lattice) solution
of the Ising model® as well as with direct calculations involving
fermions'® (the energy being represented by Y in the latter case) and
justifies the choice of numerical constants in (3.31). Using the same iden-
tities as before, one can check"*) that for E=2, g=2

2¢c0s 2¢(1) cos 20(2)> = YP(1) ¥ P +(2)>V + (Ke>M)? (3.34)

where the fermionic propagator is given by (3.25). The additional term
comes from the fact that cos 2¢ represents the sum of the energies of the
two independent Ising models and thus

2<cos 2@ cos 29> = 1/2{(g; + &, )(g; + &5} > = {eed + {g)?

We can also give a meaning to isolated vortices in a twisted sector,
since antiperiodic boundary conditions now allow a frustration line
(starting at an isolated vortex) to close onto itself (Fig. 6). Since the duality

822/50/3-4-2
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1+7

*M%M.M%

6y =1tM 6¢ =ntM

1

Fig. 6. In a twisted sector one can give a2 meaning to an isolated vortex, since antiperiodicity
(along @’ here) allows a frustration line to close onto itself.

for the Gaussian model leaves a twisted sector unchanged, their mean value
is readily calculated as

<0M>(a/3)(g)= <€iM¢>(a/3)(1/g) (3.35)

It is nevertheless instructive to rederive this result directly. We con-
sider, for instance, («f)= (3, 0). To take into account the presence of an
isolated vortex at, say, z =0, we introduce a real classical field such that

M 01(0) 04(2)

9= T 0,0 0,02) (3.36)
Due to*”
0a(2) _000) ,(2)
fdz 0,(z) 0,(0) log [92(2) 7200) + 0:00) 93(2J (3.37)
one has
_TiM 0,(z)
Pa= 3 log [02(2) 03(0)+62(0) 03(2):|+CC (338)

¢ satisfies the boundary conditions ¢y(z+1)= —@y(z), @ulz+1)=
¢4(z), and presents the desired discontinuity around z =0, since

0,0adz+0:04dz=2nM (3.39)

J“K surrounding 0

by simple application of the residue theorem or (3.37). We thus find the
weight of an isolated vortex to be formally
I

2

01(0)
04(0)

04(z)
0,(z)

8 a2
o = M
< M>(1/2 0) exPI: n

’ dzx} (3.40)
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As expected, the integral in the exponential diverges logarithmically. A
regularized value of such integrals was obtained in Ref 13 by a rather
indirect procedure. Adding a mass term to the Ising action, we have
calculated the partition function in each fermionic sector with a zeta
regularization, obtaining

Z,(m)=Z,(m=0){1— Anzm*log[4n|0,(0)]*]+ O(m*)}  (3.41)

(A is the area of the torus). The m? term is in agreement with the lattice
calculations for the specific heat in Ref. 26; on the other hand, it is given by
the integral over the torus of the modulus square of the fermionic
propagator, i.e., precisely due to (3.27), the integral in (3.40). Thus, a finite
renormalized value is

0,02)|> , 0,(0) - .
JT 0,(z) =—2n 7,(0) log <5|04(0)| ) (3.42)

and
Oi>upo =L 10:0)12]7 (3.43)

in agreement with (3.35). Finally, for a more general O ,, operator we find,
suppressing as usual the logarithmic divergence of ¢ as z -0,

(O par> 1209 = [$103(0) "4 [cc] o (3.44)

and similar results in the other sectors obtained by modular transfor-
mations.

6. So far we have discussed the two-point functions only, but the
same methods can be applied to the calculation of multipoint correlators
without any further difficulty. For a collection of operators
Ogu(1)---Opgp(n) such that 3 E;=3 M;=0, the classical field
analogous to (3.1) reads

oa="Y M,[Imlog8,(z—z,)— (2n/t;) Imz Re z,] (3.45)

i=1
and with the use of Wick’s theorem one finds
COgm (1) ~'-01;,,Mn(n)>pp

B H Zk) EE /g + gMMy

i<k | 61(0)

2 6 -
xexp[ (ZE Im z,— igh, Rez) +2i ¥ E,M, Imlog 01'((2(1;))]
8Ty e ]

-1 [ ] e[ E(gosrsa) | e

i<k J
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where J;=0,,,,, while
O g (1) O pan, (1)

‘ m' —mt
==<0EMhm)-~<7@M4n)zwexp[an”2<——;f——
1

xZé 7+ mrz(s_,z_,ﬂ (3.47)

Ty
In the twisted sector («f)=(10), we have also

0:((z - 2,)/2, 1/2)}
0,((z —2,)/2,7/2)

Pa=y, M;Im log[ (3.48)

Thus
<0E1M1(1) e 0E,,M,,(”)> (1/2,0)

- Mhmwmm%“ 256,
H|: 0,(z /2, 1/2) 63(0, /2)] Lec]™ (3.49)

and similar results obtained by modular transformations. Note that the
global normalization of these n-point functions, which is usually defined
recursively' by short-distance expansions, was here very easy to write
due to™?)

j<k

0E1M1( 1) OEzMz(z) ~ 225152225'52051 + Ey, M) + Mz(l ) (3.50)
since

hEl + Ep, M1+ My~ hElMl - hEzMz =20, 0,

4. TWIST OPERATOR CORRELATION FUNCTIONS

As explained in the introduction, there are interesting physical quan-
tities, such as the spin, which are not described by operators of the
preceding O g,, type, but instead by twist operators, which create a branch
point singularity with change of sign of the field ¢. Their correlation
functions are technically more difficult to obtain, and we shali generalize in
the following the methods proposed in Ref. 18 for the corresponding
problem in the plane. A similar approach has also been used for the
calculation of Ising spin correlations in Refs. 28 and 14.

L. We first consider the two-point function in the doubly periodic
sector for the basic twist field, which obeys!®

0,0(z) 0(zy, 2y~ (z—2,) V*2(zy, 7)) (4.1)
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(here 7 is another “excited” twist field) and, as proposed in Ref 18, we
introduce the auxiliary function

(—g0.9(2) d,0(w) a(1) a(2)>
(o(1)a(2)>
which can be completely determined using local monodromy and

consistency requirements. Indeed, G must be doubly periodic and analytic
in the z, w variables and present the short-distance behaviors

G(Z’ w, 21’21922922): (42)

1 1
G~m<resp~m) as z(respw)—z;

1 ’ ’ (4.3)
G= E(Z——W)i + regular terms as z —» w

A natural candidate is then
G zl: 65(0) :lz{[91(2—21) 91(W"22)J1/2
20,(z—w) 01(z—2,) 0, (w—2zy)
0,(z—w+z,/47°
X[—lgmét)]‘;/:l +21H22} (44)
1 12

A given determination of the square roots in the 0 plane is chosen, which
translates into a cut relating z, to z, in the z plane, and it can be checked
that G is periodic. However, (4.4) is not the only possible choice. If we
introduce the auxiliary function

_ 0(z— (2, +2,)/2)
A Al N P ¥ N R § e (43)

it is clear that
G=G4A(1,2)2,(z) Q,(w) (4.6)

where 4 is an arbitrary function, also satisfies the local conditions (4.3).
Conversely, if two possible functions G’ and G are given, the difference
GV — G is regular as z — w. Forming the ratio (G — G'?)/Q,(z) Q,(w)
then removes the branch point singularities, and leaves an analytic, doubly
periodic function in z and w with at most a single pole in z(w) = (z; + z,)/2;
it is thus a constant®” and (4.6) is in fact the most general solution of the
problem. In order to fix A(!,2), we can now use the fact that the field ¢
must be uniquely defined on the torus (as long as one remains on a given
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sheet); this was called a global monodromy requirement in Ref 18, We
need

- _{—g3d:0(2) 0, 0(w)a(l) a(2))
H(izow,z,2y,2,,2,)= o) o)

which obeys conditions similar to (4.3), but without singularity as z — w;
we thus write

(4.7)

H=p(1,2) Q,(2) 2,(w) (4.8)

Then we must impose for any contour % that does not cross the cut

J'@¢unh+@¢gy5=0
€
which translates into

JG¢+Hﬁ=0 (49)

4

Relation (4.9) is trivially true for any contractible 4 that does not surround
Z1, 25, by application of residue theorem. If 4 surrounds the cut, it can be
deformed to the parallelogram boundary of the torus, and the integral still
vanishes, since G, H are periodic. We are thus left with noncontractible
contours, which give the same integrals in a given homotopy class, ie.,
% =w or w'. This gives two conditions, fixing in principle 4 and .

Suppose A(1, 2) is known. Then we can take the limit z —» w in (4.6),
which, due to"'¥

1
)= —: (2.0)" =~ lim | £0.0(2) 0,p(w) + 53— | (410

gives
(T()e(1) o)y 1[0 6 2
o) o) _6[_( B )_0_1(2_22)]

160y /z,\[ 0] 01

iy LRI ]
0%(2_(21“‘22)/2)
0i(z—2z,)0(z—2z,)

+ A(1, 2) + terms regular as z — z,

(4.11)
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Now, since T(z) is te generator of conformal transformations, it satisfies, as
z-2z,,®

ha +azlb(zlaél)

(z—2z,)? Z~z,

T(z)o(z,, 2,)= + terms regular as z — z, (4.12)

Thus, letting z > z, in (4.11), we obtain h, = 1/16, as expected,"® and

0, Jog<o(1) a2)3,, = ~5 3 i) +3 5t (2]

80, 28,
(212/2)
A(1,2 B Aokt kA 4.1
AL D) 506,z ) (413)

To determine A, we first multiply the integrals in (4.9) by
0%(z1,/2)/[605(0) 0,(z;,) 2,(w)] and choose for w the value w=1z,. Now
consider the function

01(212/2) Gz, w=2,, 1,2)/[01(0) 0,(z,5) @\ (w=2z,)]

It is analytic and doubly periodic as a function of z with (z—z,)~"? and
(z—z,) " ** singularities as z — z,. It can thus be written as a linear com-
bination of 2,(z, z,, z,) and 0,,2,(z, z,, z,), the coefficients of which are
determined by studying the z — z, behavior,

6%(212/2) G(O)(Z, W=2zy, 17 2)
01(0) 0,(z15) ,(w=1z,)

16
20

(Z”)g (221, 22) 4o LR RCEREN (4.14)

Condition (4.9) then reads

}“(1,2)9%(212/2) 9/1 Zyp
L(w»{[ 5,(0) 6,(z12) +55‘< ﬂ‘“)
u(1,2) 63(z13)2)

: Q5 %,,2)dz=0
51000,z B0 R

1
+§ 0.2,z z,, 22)} dz +

(4.15)
which is easily solved, giving
0., log(a(1) a(2)>,,
=0, log 0 %(zy,)
ljwraleldzijIdf—fwazlgldzjw,ﬁl dz (4.16)

2 [LQ def, Q@ di—|,Q dz],Q, d
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Introducing
Li{l)= Q,(z,2y, 25} dz (4.17)
w(w’)
we find then

1 1
[0:(z,2)]1" [(Im(Z,17)]"?
The unknown term depending on Z;, in (4.18) clearly must be

[6,(z;5)] "%, The normalization can be fixed by looking at z, -z,
behavior. Then Q, - 1, I, - 1, I' - 1, and thus

Co(1)a(2),, <

(4.18)

61(0)
0,(z12)

It is not the modulus square of an analytic function, and it is not periodic.

1/4 1/2
11

<O-(1)o-(2)>pp: [Im(fll'l)]l/z

(4.19)

2. Now we consider a soliton sector with (m, m’) characteristics, and
we introduce a real classical field such that

0.0a=A(1,2) Q,(z, z,, z,) (4.20)

which satisfies the correct monodomy conditions around z,, z,, and fix 4
by the condition

j 0.0y dz + 8.0 d5 = 2nm(2mm’) (4.21)

w(w’)
which is readily solved,

mly —m'[

AL ) =g 2
(1, 2) = ir Im(1, 7))

(4.22)

Wrtiting ¢ — ¢ + ¢, where @ is now periodic, the two contributions
factorize as usual. The classical action reads, from (2.14).

(mli—m'l,)
Aty =mg Tl [ 10,2 4.23
1 g [Im(III’l)]Z T| 1| ( )
Actually, this expression can be simplified. We can consider | |2,|* d°x in
the simply connected region T whose boundary is the parallelogram
representing the torus, related by a thin neck to a contour surrounding the
cut (Fig. 7). In 7, there exists a function such that df = Q, dz. Using
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(A 1+7

4

0 1

Fig. 7. To evaluate the integral in (4.23), we consider the simply connected region 7 whose
boundary is the usual parallelogram representing the torus related by a thin neck to a contour
surrounding the cut.

Green’s theorem and integrating in a symmetric way along o, w4+t
(resp. o', '+ 1), we get

1 _
f |9112d2x=—_j Q,dz A Q, dz
T 2ilz

e e o] o]

w w w

=Im(I,I}) (4.24)

the contribution of the contour surrounding the cut disappearing because,
as explained above, the corresponding integral of 2, vanishes. As z, — z,,
&, becomes naturally mg {mt —m’|?*/t;, so the correctly normalized result
takes the form

1/4 1
[Im(7,17)]"?

iml, —m'l;|?
Im(/, 1)

0,(0
AR — L)

X eXp [ —Tng (4.25)

3. The results in the other sectors can then be obtained by translating
z;5, by 1, 1, or 1 + 1, which wraps a twist line around the torus. The relevant
contours of integration are still homotopic of w, w’, passing possibly twice
through the cut (Fig. 8). Along these contours there is no change of sign for
the field ¢, which can now present the usual discontinuities of 2mm, 27m’.
The distinction we made in the first section between Coulombic and
twisted sectors becomes in fact irrelevant. All these sectors are related by
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Fig. 8. The {g¢) correlation function in the (28) = (30) sector is obtained shifting z;, by .
Then one of the two contours used in the global monodromy requirement passes twice
through the cut.

the condition of periodicity of (oo ), which imposes to sum over the
different translations of z,, with the same weight. Introducing

0,(z —(2: +22)/2)

B ) S ) 0 2T (426)
and
1) = f Q, d (4.27)
w(w’)
we get
g 9’1(0) 4
<e)a2)) =z =

I/_ ! 2
Y exp[—ngl’i“—__’-”,[—“'] (4.28)

X Z [Im( 1’)]1/2 Im(Z.1)

mm'eZ

Note that (oo ) depends on g in all sectors, which was not the case of the

partition function, whose twisted contribution (2.19) was independent of g.
It is interesting to consider the short-distance behavior of this

expression. In the (¢f)= (4, 0) sector, for instance, one has, using (.37),

I, =in0,(0)/01(0) + O(z2), 21,0 (4.29)
while I, diverges logarithmically
I4=J 04(z — (21 + 2,)/2)

o [04(z—2,) 94(2_22)]1/2

_ 20,(0) 7y, 204(0) T
= — 7,00) log—4—— 7.00) log [5 94(0)]+ 0(z,5) (4.30)
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in agreement with (3.42). Similar results are obtained in the other sectors,
with the corresponding index v for the theta function. Then, performing a
Poisson transformation over m’ in (4.28), one finds

4

1 (Ze
e~z {5 oy

% Z |:212 <2 9%(0)>‘J - [CC]E”"+ } (431)
eme2Z

where the dots denote terms with integer powers of z,,, Z,,. The finite con-
tribution in (4.31) reproduces the partition function (2.20). In particular,
the correct relative normalization between Coulombic and twisted sectors,
which looked rather artificial in Section 2, is reproduced by the condition
of periodicity for {go ). The z%,z%, terms in (4.31) correspond to O 4,-type
operators appearing in the short-distance expansion of go. Identifying
[1n6%(0)]"[cc]” as < O,,.>, (3.44), we can read the structure constants

60,00 = L/4"",  eme2Z (4.32)

c

in agreement with the results of Refs. 17 and 18.

It is easy to verify using Poisson transformation that (4.28) presents
the duality invariance

(a(1)6(2)>(g) = <a(1) 6(2) >(1/g) (4.33)
expected from (2.24), (2.25).

At the decoupling point g=2, (oo ) must reproduce the Ising spin
correlation function calculated in Ref. 14,

61(0) 1/423=1 10,(z15/2)]
0,(z) >1-210,(0)]

Similarly, for g=1 we recover the XY model at the Kosterlitz-
Thouless point, which is also described by a Coulombic partition function
through the identity *!?

ZM(g=1)=Z(g=4)=Z""

The spin correlation function is then simply obtained by considering O, , in
61(0)

the model without twists,
1/4 oS
exp (——— Im? z >
01(z12) 4z, 2

1 2
" 2 I [———
x Y exp{—4n ] + 27 m[ (m mT)Z]Z]}
T

ZX7 117 |2
Ty
(4.34bis)

(8(1)8(2)>"=

(4.34)

(S(1) $(2)>7" =

mm’ I
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and this should equal (4.28) for g=1. We discuss these identifications in
Section 5.

Finally, let us note that excited twist correlators can be obtained from
(4.1) by taking the limits z — z,, w — z, in G, (4.6).

4. We can of course perform the same calculations for the 2r-point
functions. We first consider the Coulombic sector and calculate the
quantum part of the correlator for which the field presents » branch cuts
¢ —» — ¢ and is otherwise single-valued. We introduce, as in (4.2),

_{—29,9(z) duo(w)a(l)---a(2n))
{a(1)---0(2n))

with the monodromy constraints (4.3). The natural candidate generalizing
(4.4) reads

) 9 — ; 1% i~ “i4n 2
S i =

G(z, w, 1,..., 2n) (4.35)

+ permutations} (4.36)

On the other hand, the role of 2, (4.5), is now played by a set of n
independent functions, a convenient choice of which is

01[2_21"‘"%2;’: 1(Zj'"zj+n)] H;‘l=1;j;éi 91(2_21')

Q= 4.37
! (12, 6.(z—2)1" *37)

One proves easily that the most general slution for G is
G=G9+ ) A9(1,..,2n) 2{)(z) QY(w) (4.38)

For H defined by
H(z,w, 1,., 2n)
=(—80,0(2) 0,0(w)o(1)---6(2n)>/<a(1)---a(2n)) (4.39)

one has also

H=Y u9(1,.,2n) 3O(z) QV(w) (4.40)

ij=1
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The constants A, 4 are then determined by the global monodromy
requirements (4.9). Here one has to integrate over 2» contours, which
separate into the 2n—2 one considered in Ref. 18 and in Section 2 for
calculations in the plane plus the two generators w, @’ (an example for
n=2is given in Fig. 9). In the following we use the index a=1,.., 2n for
designating all these contours (%,,_, =m, %, =w’), and we introduce the
matrix

meo=| Qv d, I = QP dz (4.41)

Cx

Then, one finds, after long, but straightforward algebra,

Co(1)---a(2n)>,,

2n 0/(0) 174
= fe(7) 1

;,EII 01(Zij)
i<j

< T 10l [0, (5 222 L s

z .
e TS 2 |det 17, |
k<l

where det 1, is the determinant of the matrix (4.41). This result must in
fact be independent of the choice of basis in (4.37).

We consider now the classical part of the correlator. In a soliton sec-
tor, @, presents the usual discontinuities of 2mm, 2am’ along w, w’' plus
others also multiples of 2z along the 2n — 2 additional contours (Section 2).
One has, analogous to (4.20),

0.0q= ) AVQY(2) (4.43)

i=1

Fig. 9. The set of four contours used in the calculation of {(a(1) 6(2) o(3) 6(4)>.
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subject to

0, 0qdz+ 0:0y dz=2nm, (4.44)
Ex

which is solved by (4, A) = IT; '(m). The classical action thus reads

Ay =4ng Y A(")ZU)I QOO Ix
T

ij=1

=dng Y mm; 3 (I7)WUIT)P [ QPGP dx (445)

af=1 Lj=1 T

Finally one gets results in the twisted sectors by tramslating z, by the
appropriate quantity, and the undetermined function in (4.42) can be
obtained in principle in a recurrent way by short-distance expansions. Sum-
ming over {m,} € Z gives the 2 spin function {S,---S,,>. As explained in
Section 2, one also can get mixed correlators involving S and ¢ spins by
adding (—1)™= factors for certain contours, exactly as in the plane.(!7'®)
The corresponding expressions are, however, rather complicated.

5. TWIST CORRELATORS: RELATION TO THE
APPROACH USING COVERING RIEMANN SURFACES

Twist correlators also have been calculated recently by a different
approach, using covering Riemann surfaces. We discuss the compatibility
of the results, restricting ourselves for simplicity to the two-point function.
In what follows it will be useful to change slightly the notation for theta
functions, introducing

9 [Z} (z,t)= ), explint(n+a)*+2in(n+a)(z+b)] (5.1)

neZ

so that

TH R A H A

We will also denote Q,, 1,, I} by Q,, I, I, where af are the
corresponding indices characterizing boundary conditions for .

NI e
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The partition function with two twist insertions [the cut being
contractible, as in (4.25)7 was evaluated in Ref. 21 as (for a surface X' of
genus G =1, i.e., a torus, which is the case of interest here)

_Zo,_ | 050.7) |
Zrlo()o@)] = (=) |5
0/ z12 0 Zo
) Bl
Jo[S]o.m| -

Z, is the partition function of the periodic free field (2.13). In the general
case IT is the period matrix of Prym differentials W, of the surface X with
two branch points. These are differentials holomorphic everywhere except
at the two points, where they behave as ~z~"? and their number is
known®" to be the genus G of 2. In our case G =1, W= Q(z) dz/I and
I is a number, 7= I},/Iy,. On the other hand, Z is given by

|m’ —mI|?
7 - _pgit T 53
o mmzeze)(p[ e — (53)

We thus see that (5.2) reproduces the v=1 term in (4.28), provided

Ll Lloap (- o

From (5.2) we deduce the partition functions where the twist line
wraps around the torus by translating z,, of the appropriate quantity, and
thus, by comparing with (4.28), relations analogous to (5.4) follow

T SO O R

One can check (5.4), (5.5) at first order in z,,, but I have not been
able to demonstrate these formulas by a more direct approach, nor find
them in the mathematical literature. If one accepts them nevertheless, one
can recover some interesting results.

It can first be established that

ozl oo [5o3)

is independent of y, d € {0, 1} (5.6)
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as a limiting case of Schottky’s relations®®) after pinching a cycle of the
covering surface.®"” Suppose now g=2. Then, by identity (4.19) of Ref. 14

we have
1 [ |m’ —mI;ﬂ/IaﬂF]
— exp| —2n —————+—
[Im(7 ,3/1043)]1/2 m,;:ez Im(Iozﬁ/Iocﬁ)

sl

Using (5.5), (5.6), we get
e a+y |/Zi2 Y
I G IUHLE

1
(5.8)
o33

4zAT |’7|2
o
0 [ ] (V4
ﬂ )
reproducing indeed {S(1) S(2)>", (4.34).
On the other hand, we have also doubling formulas at our disposal,

giving®
[5G )l o o [o)oz2)
) oo

For g=1 one can prove with identity (4.19) of Ref. 14 that
1 ’ I 2
Z exp[—n'm —m mﬁ/Iocﬁl :|

(5.7)

61(0)

01(z1,)

Ca(1)a(2)) =

affyd

ie., since ZAT=(Z")? (2.22),

01(0)
0:(z12)

1/4

)

aff

o(1)a(2)>(g=2)=

b

(5.9)

(Im(7,4/1,5)]1"? e 2 Im(Lop/1,4)
2l
AZ l: ]( Iuﬂ) (5.11)
Using (5.10), (5.11), we get
1 6,(0) |4 |:y-|—oc/2]<z12 > 2

1) a(2 =1)= 0 -, 2

<0'( )O'( )>(g ) ZZAT I"]'Z 01(212) = ﬂ > T
(5.12)

which can indeed be identified with (4.34bis), using same method as in
Ref. 14.
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6. CONCLUSION

I have shown how the correlation functions of the Ashkin-Teller
model on a torus can be obtained from its free field mapping. I have mainly
discussed the case of electromagneic or twist operators, which imply dif-
ferent interesting technical approaches and have various applications. One
could as well consider mixed correlators, which are obtained simply by
combining the steps of Sections 3 and 4. I have discussed the compatibility
of my formulas for twist correlation functions with those derived
recently®’ by a different approach using covering Riemann surfaces, and
shown that it implies interesting identities.

Note Added. At the final stage of this work I received a preprint
by J. Attick, L. Dixon, A. Griffin, and D. Nemeschansky where results of
the same nature as those of Section 4 are obtained in the context of string
theory on Z, orbifolds.
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